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1.4. From Play to Power:

1. Late-night cash. Simplify the problem by considering a specific case. Suppose Dave and
Paul both have $100. If Dave gives Paul $5, then Dave and Paul have $95 and $105
respectively. Problem solved. Note that the amount Dave must give Paul is unrelated to the
initial amount of money in each of their pockets. Though the $100 was extraneous
information, it makes the problem easier to solve, and easier to explain!

2. Politicians on parade. If there were more than one honest politician, fact (b) would be
false. The only possibility left is that there is exactly one honest politician; the remaining
ninety-nine are crooked.

3. The profit. As in “Late-night cash,” we can clarify the problem by making it specific.
Suppose that the dealer starts with $20 (the initial amount doesn’t affect the final profit).

After... First purchase First sell Second purchase Second sell

$13 $21 $12 $22

At the end of the transactions, she has made a profit of $2.

4. The truth about... Let’s first consider the question without any limits on the number of
pets. What’s the maximum possible number of cats? Because there are 56 biscuits and each
cat takes 5 of them, there are at most 11 cats. Now explore the possibilities. If there were
exactly 11 cats, then there would be one biscuit left over. If there were only 10 cats, then
there would be six biscuits left over, exactly enough to feed one dog! That’s one solution, in
theory, except that we are told there are 10 pets total. To find the only valid solution,
continue exploring alternatives.

Number of Cats (5) 11 |10 |9 |8 |7 |6 [5 |4 |3 [2 |1 |0
Number of Dogs (6) 0
Leftover Biscuits 1 0 514 |3 12 |1 |0 (5[4 |3 |2
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The one solution is 4 cats and 6 dogs.

5. It’s in the box. There are two possible situations: (a) both signs are true, or (b) both are
false. Let’s assume first that both signs are true. B’s sign says that box A contains a snake,
and A’s sign says that at least one of the two boxes contains money. So in this situation, A
contains a snake and B holds money. Now assume that both signs are false. If B’s sign is
false, then box A contains money. If A’s sign is false, then both box A and box B must
contain snakes. Because box A cannot contain both money and a snake, this whole situation
1s impossible — both signs can’t be false. Because the second alternative is impossible, both
signs are true, and box B holds a million dollars.

6. Lights out. At first glance this problem seems impossible. When you walk into the other
room, you will see one of two possibilities. Either the light is on, or the light is off. Two
possible outcomes can’t resolve three possible situations! In order to solve the problem, we
must find more information. The key to this problem is that real lights (most of them,
anyway) become hot after being on for an extended period of time. Furthermore, once hot,
they take a long time to cool down. So you can obtain extra information by turning on one of
the switches, waiting ten minutes, and then turning off the switch.
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Turn on switch #1. Wait ten minutes. Turn off switch #1. Now turn on switch #2 and
quickly go into the other room and put your hand on the light. There are now three possible
outcomes.

Outcome The lucky switch
Light is on #2
Light is off and cold #3
Light is off and warm #1

7. Out of sight but not out of mind. There is no mystery dollar. Slip paid $9, Spike paid
$9, and Milly paid $7 for a total of $25, which was precisely the cost of the room. Chip’s
mistake lies in his addition of Milly’s stolen money to the $27. The corrected logic: Each
band member puts in $10, for a total of $30. Where does this $30 go? $1 worth of change
goes to each of the band members, leaving $27 to be accounted for. Milly pocketed 2 of these
dollars and Chip took the remaining $25 for the cost of the room. All is accounted for.

8. Comedy Central.

River
CCCOO0O0 <>
COO00 <>CC
CCOO0<> C
000 <>CCC
CO00<> CcC
CcO <>CCOO
CCOO<> CO
CcC <>C000
CCC<> 000
C <>CCO00
CC<> COO00

<>CCCO00

C = Comedian, O = Officer, <> = Boat

There are several solutions to this problem. Notice the symmetry in the above solution; the
first five trips are identical to the last five trips (in reverse order).

9. Whom do you trust? Pocket states that Shlock and Wind are lying. Because there can
be at most two liars, this would imply that the remaining three (Pocket, Greede, and Slie) are
all telling the truth. Because Greede and Slie contradict each other, this is not possible. So
we know for sure that Pocket is lying. There is room for at most one more liar, and once
again, because Greede and Slie contradict each other, one of them is the other liar. It doesn’t
matter which one is the liar because by now we know that both Shlock and Wind are telling
the truth. Shlock says that either Wind or Pocket leaked the story, and Wind denies leaking
it himself. So it was Pocket who leaked the story.

10. A commuter fly. The trains are traveling towards each other at a rate of 70 miles per
hour. Because they were initially 210 miles apart, the trains will collide in 3 hours. Because
the fly travels at 100 miles per hour, the fly travels a total of 300 miles.

11. Taxing taxi. [or... A fair fare...] “ How much should each person pay?” The term

‘should’ isn’t as precise as it sounds. We'll present two methods for divvying up the fare and
let you be the judge. (1) Everyone should pay the same mileage rate. That is, because Mary
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travels twice as far as Dave does, she should expect to pay twice as much. There are 60 total
passenger miles (10+20+30), and a total cost is $45. So each person pays $0.75 a mile. Bob
pays $7.50, Mary pays $15, and Ivan pays $22.50. Everyone pays exactly half of what they
would have paid had they traveled alone. (2) The fare for each mile should be split evenly
among the passengers. All three passengers split the fare for the first ten miles. Mary and
Ivan split the fare for the second ten miles, and Ivan pays for the last ten miles himself. Bob
pays $5, Mary pays $12.50, and Ivan pays $27.50. Ivan pays more per mile on average than
Bob, but then again, Bob had to share his whole trip cramped with three other people, while
Ivan spent the last ten miles of his trip with plenty of room to stretch.

12. Getting a pole on a bus. Sarah gave Adam a box that was 4 feet long and 3 feet wide.
The diagonal of the box was five feet, just long enough to store Adam’s fishing pole. (Recall
from the Pythagorean theorem that the square of the length of the diagonal is the sum of the
squares of the two sides; 52 = 32 + 42))

13. Tea time. Just as in “A commuter fly”, there is a long, arithmetic-laden solution and a
short insightful solution. We started with 3 oz of cream in the creamer, and 3 oz of tea in the
teacup. In the end, we still have 3 oz of liquid in both containers, but we don’t know the
relative amounts of tea and cream. The arithmetic-laden solution tries to find out exactly
how much of each liquid is in each cup. We can avoid this by arguing only that there is as
much cream in the teacup as there is tea in the creamer.

Suppose there are C oz of cream in the teacup. Because the teacup holds 3 oz, there are (3 —
C) oz of tea also in the teacup. Because we started with a total of 3 oz of tea, the remaining
C oz of tea must be in the creamer. So, the teacup is just as diluted as the creamer.

14. A shaky story. Let’s refer to Sam’s guests by the number of hands they shook.
Specifically, GO shook no hands, G1 shook one hand, up to G8, who shook eight other hands.
Because there are 10 guests in all, G8 must have shaken hands with everyone but himself
and GO. Because G8 did not shake hands with his spouse, the only person who could possibly
be his spouse is GO. So, GO and G8 are married. With this new information, we can simplify
the problem.

The four remaining couples consist of the following eight people: Sam, G1, G2, G3, G4, G5,
G6, and G7. Note that G8 shook hands with everyone in this new group. Because G7 shook
hands with G8, he must have shaken hands with exactly six members of the new group.
Similarly, G1 shook hands with no one else. We are in the same situation as before. G7
didn’t shake hands with G1, and because he shook hands with everyone else, G1 is the only
possible candidate for G7’s spouse. So, G1 and G7 are married.

Continue simplifying the problem. Sam, G2, G3, G4, G5, and G6 all shook hands with both
G7 and G8. A similar line of reasoning can show that G2 and G6 are married. A final
simplification allows us to conclude that G3 and G5 are married. The remaining couple
consists of Sam and G4. So Sam’s wife shook exactly four hands. Is it possible to determine
how many hands Sam shook?

15. Murray’s brother. Begin by placing four stones on each side of the balance (see the
first table). There are three possible outcomes indicated by the three columns in the table.
Either the left side is heavier, the right side is heavier, or the scale balances. The first two
outcomes leave us in the same situation—we know the diamond is among eight of the stones,
and if we knew which stone it was, we would also know whether the diamond was heavier or
lighter. (The letters H and L below indicate this.) If the scale balances, then we know the
diamond is one of the four remaining stones.
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Table 1: First Weighing: ???? vs. ???7? Extra Stones: ?7??

Possible
Outcomes

HHHH vs. LLLL
extra stones: SSSS

LLLL vs. HHHH
extra stones: SSSS

SSSS vs. SSSS

extra stones: ??77?

?, unknown stone; H, potentially heavy stone; L, potentially light stone; D, dormant diamond;
S, stone not containing diamond.

The second and third tables outline the argument needed to address these two situations.
The last row in each table represents the third weighing needed for each situation. For each
outcome of each weighing, make sure that you can identify the diamond and its relative

weight.

Table 2: Second and Third Weighings When First Weighing Balances:
SSSS vs. SSSS with ???? extra stones

Second SSS vs. 777
weighing extra stone: ?
Possible 9SS vs. LLL SSS vs. HHH SSS vs. SSS
Outcomes 'S extra: S extra: D
extra: 5 ) ) ) (D is in the extra
(The right side of the | (The right side of the stone.)
scale is lighter, thus D | scale is lighter, thus D
lies in one of the L |lies in one of the H
stones, which is lighter | stones, which is heavier
than all the rest.) than all the rest.)
Third Lvs. L Hvs. H Svs.D
weighing extra: LL extra: H (This weighing will

(If the scale balances, D
is in the extra stone.
Otherwise, it 1s in the
stone on the lighter side
of the scale.)

(If the scale balances, D
1s 1n the extra stone.
Otherwise, it 1s in the
stone on the heavier side
of the scale.)

determine if the stone
containing D 1s
heavier or lighter.)

?, unknown stone; H, potentially heavy stone; L, potentially light stone; D, dormant diamond;
S, stone not containing diamond.

403




Table 3: Second and Third Weighings When First Weighing Does Not Balance:
HHHH vs. LLLL or LLLL vs. HHHH with SSSS extra stones

Second HHL vs. HHL extra LL
weighing
Possible HHS vs. SSL SSL vs. HHS SSS vs. SSS
Outcomes extra: SS extra: SS extra: LL
) ) ) S ) (The scales
(The left side is | (The right side is heavier, balance, so D lies
heavier, so either D | so either D must be inone | in one of the
must be in one of | of the two Hs on the right | extras, which we
the two Hs on the | side, which would be now know 18
i . . i lighter from the
left side, which | heavier by the first | gt weighing.)
would be heavier by | weighing, or D is in the L
the first weighing, | stone on the left.)
or D is in the L
stone on the right.)
Third Hvs. H Hvs. H Lvs. L
weighing extra: L extra: L (D lies in the
It  the scales | (If the scales balance, D is | lighter stone.)
balance, D is in the | in the extra L; otherwise,
extra L; otherwise, | D is in the heavier H.)
D is in the heavier
H.)

?, unknown stone; H, potentially heavy stone; L, potentially light stone; D, dormant diamond;
S, stone not containing diamond.

16. Cutting (chess) boards. For the warm up question, we can easily cover the 8x8
checkerboard with 32 dominoes: use four horizontal dominoes for each row. To cover the
board with the top two corners removed, just remove one domino from the top row and slide
the remaining dominoes over appropriately. For the last challenge, look carefully at the
truncated checkerboard. We see that both deleted squares are black. This leaves 62 squares
to cover with dominoes: 32 white squares and 30 black squares. Yet each domino will cover
exactly one black square and one white square, so any domino arrangement will cover the
same number of whites squares as black squares. This there is no way to cover the truncated
board with dominoes.

17. Siegfried & You. The deck contains 26 black cards and 26 red cards to begin with. If
the first pile of 26 cards contains n black cards, then it contains 26 — n red cards. Thus, the
remaining n red cards must be in the other pile.

18. Penny for your thoughts. Suppose there are exactly %k coins showing heads. Divide the
coins arbitrarily into two collections so that one collection contains k coins. The collection
with & coins contains some unknown number of heads, say i, with the remaining k — i coins
showing tails. Note that the second collection must have k — i heads. Now turn over all the
coins in the first collection. The ¢ heads become tails and the & — i tails become heads, which
is the exact number of heads in the second collection.

19. When will the world end? We start at the beginning, assuming that the disks are all
on the left peg. For one disk, clearly one move suffices. For two disks, we move the top disk
to the right peg, then the bottom disk to the middle peg, then the top disk to the middle peg.
So, two disks require three moves. Notice that we just as easily could have used three
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similar moves to transfer the stack of two disks to the right peg instead of to the middle peg.
In fact, we require three moves to transfer two disks from one peg to any other peg.

To move three disks from the left peg to the middle peg, first use three moves to move the top
two disks to the right peg, then move the bottom disk to the middle peg, then use three more
moves to move the top two disks to the middle peg. Thus, three disks require a total of seven
moves. We can use this approach for four disks as well. Move the top three disks to the right
peg in seven moves, then move the bottom disk to the middle peg, then move the top three
disks to the middle peg in seven more moves, for a total of 15 moves.

If we let M(k) equal to number of moves needed for £ disks, then we have just shown that
M(4) = 2xM(3) + 1. This relation holds in general. If we have k disks on the left peg, we can’t
move the bottom disk to the middle peg until all the disks on top of it have been moved to the
right peg. We require M(k — 1) moves to transfer these disks to the right peg. Then one
move to transfer the bottom disk to the middle peg, followed by M(k — 1) moves to transfer
the remaining disks to the middle peg. Thus, we have M(k) = 2xM(k — 1) + 1, when we start
with M(1) = 1. This gives us the following values:

M1)=1

M(2)=2xM(1)+1=2x1+1=3

M(3)=2xM(2) +1=2x3+1=17

M(4)=2xM@B)+1=2x7T+1=15

M(5) = 2xM(4) + 1 = 2x15+ 1 = 31

M(6) = 2xM(5) + 1 =2x31 + 1 = 63.
We notice that each value is one less than a power of 2, so we can conjecture that

M(k) = 28 — 1. This formula is valid for £ = 1, 2, 3, ... , and can be proven so using
mathematical induction.

Now what about the monks and the end of the world? Each move requires one second, so
moving 64 disks requires 264 — 1 seconds. There are about 60x60x24x365 = 31,536,000
seconds in a year, so the monks’ task will be completed in about (264 — 1)/31,536,000 years.
This is about 5.85 x 1012 years, so it appears we still have some time to enjoy our planet.

20. The fork in the road. Here’s a question to which both Liars and Truth-Tellers will give
the same answer: “Which road will a member of the other tribe tell me leads to the villa?”
Here’s how the table would be completed under the assumption that the left road leads to the
villa. Note that both answers are the same, and you know to take the other road.

“Which road leads to “Which road will a member of the other
the villa?” tribe tell me leads to the villa?’
Answer from Liar RIGHT RIGHT
Answer from Truth-Teller LEFT RIGHT

405





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


