3 Stochastic Integrals

Exercise 3.1

(a) Since Z(t) is determinist, we have

dZ(t) = ae*dt
aZ(t)dt.

(b) By definition of a stochastic differential

a7 (t) = g()dW (1)
(¢) Using Ito’s formula

2
dZ(t) = %eo‘w(“dt—i—aeo‘w(“dW(t)

(,VQ
= S Z(0)dt +aZ(t)aw

(d) Using It6’s formula and considering the dynamics of X (¢) we have
o2
dZ(t) = ae*®dX(t) + 7emc(dX(t))2

= Z(t) [a,u + %aQUQ] dt + acZ(t)dW (t).

(e) Using It&’s formula and considering the dynamics of X (t) we have

dZ(t) = 2X()dX(t) + (d(X(t))?
= Z(t) [2a+ 0] dt +2ZadW (t).

Exercise 3.3 By definition we have that the dynamics of X (t) are given by
dX(t) = o(t)dW(t).

Consider Z(t) = e®X®), Then using the It6’s formula we have that the dynamic
of Z(t) can be described by

dZ(t) = [—%Uz(t)] Z(t)dt + [iuc(t)] Z(£)dW (¢)

From Z(0) =1 we get,



Taking expectations we have,

U2

EZ(t)) 1-5E [/Ot az(s)Z(s)ds] + iuE [/:J(S)Z(s)dW(s)

U2

= - [/Ot o2 (s)E [Z(s)] ds] +0

By setting E[Z(t)] = m(t) and differentiating with respect to ¢ we find an

ordinary differential equation,

om(t)  u?
5 ——?m(t)az(t)

with the initial condition m(0) = 1 and whose solution is

m(t) = @m{—%i[amg@}

= EZ(1)]
_ E[eiuX(t)]

So, X (t) is normally distributed. By the properties of the normal distribution
the following relation

E [eiuX(t)] _ JuB[X (5] VX (2)]

where V [X (t)] is the variance of X (t), so it must be that E[X(¢)] = 0 and
VIX(t)] = [y 0%(s)ds.

Exercise 3.5 We have a sub martingale if E [ X (¢)| Fs] > X (s)¥,t > s. From

the dynamics of X we can write

X(t)=X(s) +/ u(z)dz+/ o(2)dW (z).

By taking expectation, conditioned at time s, from both sides we get

E[X(1)]F]

mmﬂm+EM%@w

a]

Y
b
©

so X is a sub martingale.



Exercise 3.6 Set X (t) = h(Wy(t), -, Wy(t)).

We have by It6 that

n n
Oh
dX(t t)dW;
=35 53 axl 817 (AW (1)
=1 4,5=1
where 2 ,— denotes the first derivative with respect to the i-th variable, 5= ‘ahl

denotes the second order cross-derivative between the i-th and j-th variable and
all derivatives should be evaluated at (Wy(s),- -, Wy,(s)).

Since we are dealing with independent Wiener processes we know
Vu:  dWi(u)dW;(u) =0fori#j and dW;(u)dW;(u)=du for i = j,

so, integrating we get

' oh 9’h
[ 1 [ 28 ()W ()
/ti (9h /f " 9%h Wi ()
0 = 8$L x@x] Wi
b e~ Oh 0%h
B /0 Z:(?L / Z ;025 8x]

Taking expectations

X(t)

E[X(1)]F]

F

1 < 9%h
E |- .
+ 2/0 Zz 612(9.LJ du F

/ (912 (@)

¥ — ah 0%h
/ 8@ / Z 0201, &LJ
X(s)

'~ Oh
/0 > (%idWi(

=1

+E

0%h
+E / Z Ox;0x; du

g

- s)+E / Z 83028% Fs

2
e If I is harmonic the last term is zero, since S ., =91

B,J= 1dacdx

E[X(t)|Fs] = X(s) so X is a martingale.

=0, we have



