Solutions to Chapter 2

1. Calculating with the binomial probability law, for the given random variable X, we obtain
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The CDF is plotted in Fig. 1.
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Figure 1:

2. Consider any continuous random variable. Let the outcomes be the values themselves, i.e.
the random variable is an identity mapping. Then the probability of any outcome x = ( is
0. Strictly speaking, we mean the singleton events {z} have probability zero.

3. The cumulative distribution function (CDF) for the waiting time X is defined over [0, c0) and
given as
(z/2)}, 0<z<l,
x/4, 1<z<2,

Fx(z)={ 1/2, 2<uz<10,
2/20, 10 <z < 20,
1, 20 < z.

(a) Plotting we get Fig. 2.
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Figure 2:

(b) Taking the derivative, we get the probability density function (pdf) as

x/2, 0<z<l1,
1/4, 1<z<2,

fx(z) = 0, 2<x <10, ,
1/20, 10 <z < 20,
0, 20 < z.
with sketch given as:
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We notice that
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(¢) We compute the following probabilities:
i. [label=(0)]
ii. P[X >10]=1-P[X < 10] =1 - Fx(10) = 1/2,
iii. P[X <5]=Fx(5)=1/2,
iv. P[5 <X < 10] L0 fx(z)de =0, and
v. PIX=1]=

4. The point of this problem is to be careful about whether the end-points X = b and X = a

are included in the event or not. Remember Fx(z) £ P[X < z] which includes its end-point

'Note: Fx(10) = P[X < 10], but here the probability that X = 10 is zero.



at the right. Thus to compute P[X < z], we must subtract from Fx(z), the probability that

X =uz,ie P[X =z

P[X < a
P[X < a
Pla < X <}
Pla < X < b
Pla < X <]
Pla < X < b]

Fx(a) — P[X = al,

Fx(a),

Fx(b) — Fx(a) — P[X =b]+ P[X = a,
Fx(b) - Fx(a) + P[X = al,

Fy(b) - Fx(a),

Fy(b) — Fx(a) = P[X =]

5. For normalization, we integrate the probability density function (pdf) over the whole range
of the random variable and equate it to 1.

(a) Cauchy distribution. The pdf of a Cauchy random variable is given by

and so df = %WM Therefore

Therefore, B = ﬁ%r

B
Ix(z) = ;
@ = T o= w/p
fora < oo, 8 > 0, and —oco < x < co. For the integration, we will substitute tan 6 = %,
00 w/2
/ fx(x)de = / Bpdo
—0o0 —7/2
_ /2
= B8 (072,)
= Bfw
1.
(b)  Mazwell distribution. The pdf of a Maxwell random variable is given by
Baz2e 10" >0
T) = . 1
Ix(@) {0 otherwise W

Integrating the pdf (substituting y = z/«), we obtain

0

Therefore, B = ﬁ.

OO 2 —2%/a? T 2 9 2
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6. (a) Beta distribution. The pdf of the Beta distribution is given by
Br*(1—-z)¢ x>0
€Tr) =
Ix(@) {O otherwise.

Using the formula 6.2-1 in Handbook of Mathematical Functions by Abramowitz and
Stegun, we get

1 1 [3 1 oo ta—l
a-l(] _ g)f~1dy = B
/o‘” (=) de /0 [+ 077

/2
= 2/ (sint)2* 1 (cost)?’ ! dt.
0

Now, we look at the product of the Gamma function I'(z) evaluated at b+ 1 and ¢+ 1.

Substitutions used for this integration are ¢ = v?,u = w? and v = rsin #,w = rcos 6.

T(b+ 1) (c+1)

= [/ thet dt] [/ ue v du}
0
— / / tb C — t+u d’LLdt
_ 4/ / U2b+1w2c+1e—[(v2+w2)] dv dw
0 0

w/2 foo
_ 4/ / r2b+2c+2(sin 9)2b+1(cos 9)20+1677'2 rdr do
oo /2
= 2/ e (r2)btetlop dr/ (sin 0)2°F1(cos )21 dh
0 0
/2
= T(b+c+2)2 / (sin 0)%(cos )% dg.
0

L'(b+c+2
Therefore, B = WF(H)-D'

(b) Chi-square distribution. The pdf of a Chi-square random variable is given by
By(n/2)-1 —x /202 >0
fx(w) = x e x .
0 otherwise.

Integrating fx(z), we get

0

_ / " B(20%) )| (2/20%) WD) e/2*
0

= B [ (207 e
0
_ B2 ("
B(26?) 1“(2)
= 1.

_ 1
Therefore, B = @)/ (3)



7. Here we do calculations with the Normal (Gaussian) random variable of mean 0 and given
variance ¢2. In notation we often indicate this as X : N(0,02). In order to calculate
the probabilities P[|X| > ko] for integer values kK = 1,2, ..., we need to convert this to
the standard Normal curve that is distributed as N(0,1). In particular the so-called error

function is defined as

erf(x

ex ——v dv, for x >0,

)= 75 |, ey

and so only includes the right hand side of the N(0,1) distribution. Expanding P[|X| > ko]
for k positive, we get P[|X| > ko] = P{X < —ko} U{X > ko}], which is somewhat
cumbersome, so instead we consider the complementary event {|X| < ko} which satisfies
P[|X| > ko] =1 — P[|X| < ko]. For this complementary event, we have

PlIX] < k:a]:P[—ka<:U</w] for k > 0,

1 0 ko
= \/ﬂa/k exp(— dw—i——/ ~—)dzx
2

1 ko x
= 2—— / exp(—5—)dz, by the symmetry about v = 0.
2ra Jo 20

By making the change of variable y = = /o, we then convert this equation into

d
Pl|X| < ko] —2—/ exp(— dy, since dy:—x,
o

= 2erf(k), fork >0,

allowing us to use the standard Table 2.4-1 for erf(-). Looking up this value and subtracting
twice it from one, we get

k=1,  P[X|>o]=03174,
k=2,  P[X|>20]=0.0456,
k=3, P[X|>30]=0.0026,
k=4, P[X|>40]=0.0008 ~ 0.

8. The pdf of the Rayleigh random variable is given by
x

fx(z) = ﬁe*x2/2"2u(x).

Note that since fx(z) is zero for negative =, Fx(z) = 0, for x < 0. Now Fx(ko) =

Jiko 2 0=2%/20% g Substituting y = 2 and dy = &, we get

k2/2
FX(k;a):/ eVdy=1-¢e*/? k=0,1,2,....
0

9. For the Bernoulli random variable X, with Px(0) = p, Px(1) = ¢, and ¢ = 1 — p, the pdf is
given as

fx(x) = po(x) + ¢o(z - 1).

For the binomial random variable B with parameters n and p, we have as a function of b,

n

fa(t) =3 ()1 = oo~

k=0



For the Poisson case, with mean py = a, we have the density

fX(x) = Feia5({1} — /{7)
k=0

10. This problem does some calculations with a mixed random variable. We can represent the
pdf of X as

Fx(w) = Ae ula — 1) — ulz — 4] + 76(x — 2) + 76z — 3).

(a) To find the constant A, we must integrate the pdf over all = to get 1.

4 1 “+00 1 “+00
A/ e“da:+1/ 6(w—2)dm+1/ (z—3)dx = 1,
1

1 1
At —e™hH+- 42 =1
(e e ")+ 11 ,
which has solution A = %# = 1.43.
(b) Taking the running integral [*_ fx(v)dv, we get the CDF Fx(z) with sketch given in

Fig. 4.
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Figure 4:

Although not requested, the CDF is given analytically as

0, <1
-1 —x
%271:2747 1 S r < 27
leml_e=® 1
FX(SE) = 2e T ¢4 D 2=z <3,

le~l—e~® 1
e 1 2 T3 3<x <4,

1, 4 <z

1 e 1 1
fX(.r)—5671_674[u(x—1)—u(x—4)]+Z5(x—2)+15(3:—3).
So
3 1 et 1 35
< pr— — e —_— p—
P2 X <3 /2 26_1_6_4d96+4/_ (x —2)dx
le?2—e3 1

ST e 1



where we start the integral of the impulse at 27 in order to pick the probability mass
at x = 2. Note that we must include the probability mass at z = 2 because the event
{2 < X < 3} includes this point.

(d) We calculate
3 1 e~ T 1 3+ 5
P|2 X <3 = R - -
2 < < 3] /2 261_64d:r+4/2 (x — 3)dx
le?2—e3 1

T Tt

where we end the integral of the impulse at 3" to pick up the probability mass at = = 3.

(e) We have
Fx(3)
-  P[X<3
- /3i ¢’ da:+1/3+5(x—3)d:c+—/3+5(x—2)d:c
126_1— —4 41 41
let—e3 1 1
T gl eatity

11. First we need to calculate the probability that X is less than 1 and that it is greater than 2
(area of shaded region in Fig. 5). Now

PX <1]=P[X<1]=Fx(1)=1—-¢".

PIX>2/=1-PX<2=1-Fx(2)=1-(1—-e?) =¢2

Since the events are disjoint, the probability that X < 1 or X > 2 is

PUX <1JU{X>2}]=PX <1]+PX>2=1-¢et+e?=0.76T.
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l
Vﬂ-—o {,e_ In

odded in P[X<HUK>23]

Figure 5:

12. We calculate the pdf as

fx(x)=Ae ™ [u(x — 1) —u(x —4)] + %5@ —-2)+ %5(:1: —3).



13.

So

4
1
P2 < X<4]:/ Ae*zd:c+1
2

where we start the integral of the impulse at 2 in order to not include the probability mass
at x = 2. The overall answer then becomes 1.43(e~% — e™*) + 0.25.

This is an example where the probability distribution is defined on the sample space which is
not the elementary sample space. Normally, when we consider two coins tossed simultaneously,
we consider the sample space containing two tuples of heads and tails, indicating the outcome
of two tosses, i.e., we consider the sample space Q = {HH,HT,TH,TT}. Here we will see
that we can also define probability on another set of outcomes.

The sample space €2 contains outcomes (, (5, (3 that denote outcomes of two, one, and no
heads, respectively. Assuming that the coins are unbiased, we first find the probability of
these outcomes.

P[¢;] = P[heads on both tosses| = 0.5 x 0.5 = 0.25

P[(,5] = P[head on first, tail on second] + P[tail on first, head on second] = 0.5 x 0.5 + 0.5 x
0.5=0.5

PI[(5] = P[tails on both tosses] = 0.5 x 0.5 = 0.25

(a) {C:X(Q)=0,Y(()=—1}=( = PHC: X(()=0,Y(¢) = —1}] = P[(5] = 0.5
{¢:X(Q)=0,Y(() =1} =¢ = P[C:X(¢) =0,Y(¢) = 1}] = P[¢;] = 0.25
{C:X(O)=1Y()=-1} =¢ = P[{C: X(() =1,Y(() = —1}] = P[¢] =0
{¢: X(Q=1LY(() =1} =¢ = PH¢: X(() =1,Y(¢) = 1}] = P[¢3] = 0.25

(b) Before we find the independence of X and Y, we first find the probability mass functions
(pmf) of X and Y.

Px[0] = P[X = 0] = P[{(1}] + P[{¢2}] =025+ 0.5 =0.75

Px[1] = P[X = 1] = P[{zeta3}] = 0.25.

Px[k] = 0 for k‘ #0,1.

Similarly, Py[—1] = 0.5, Py[1] = 0.5, Py[k] =0 for k#—1,1.
For independence of X, Y, we need Py y[a,b] = Pxl|a]Py[b]. Fora =0,b=1, Pxy[0,1] =

0.25, Px[0] Py |1 ]—075><05—0375
Hence X and Y are not independent.



14. (a) We have to integrate the given density over the full domain. We know

+o0
fx(z)de = 1

11 1 2,

= S 4—+— d
CR TR /_2:” o
1 +2

= —+2A/ 22dz
4 0
1 1 ,)°
1 8

= Z4+2A-
1t

Hence A =9/64.

(b) A labeled plot appears below in Fig. 6. Note the jumps occurring at the impulse
locations in the density. Also note the slope of the distribution function is given by the
density function in the smooth regions.

0

Figure 6:

(c) We proceed as follows

—00

1
Fx(1) = / fx(z)dz
1

S P T A4 szdaﬁ
8 16 16 64 ),

— l_‘_i_‘_i_‘_ §_|_g/+1 2d
T 871616 \8 64 T

(using the symmetry of z?)

1 (39 (1,4
-1 s w3,
1
1

91 _ 43
643 64
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(d) We can calculate

Pl-1 < X§2]:/2 fx(@)dz

1 9 +2 )
= —+ = x dx.
16 64
But the easier way is to realize that f 1 % 2dy = f 2dy (because of symmetry) which
was needed in part (c). Then, by just counting the one relevant impulse area, we can
write

1 3 3 31
P[—1<X§2] 1—6+8+a:a.

15. First we calculate the probability that X is even. Now it is binomial distributed with
parameters n = 4 and p = 0.5, i.e. b(k;4,0.5),0 < k < 4, thus

P[{X =even}] = b(0;4,0.5) 4+ b(2;4,0.5) + b(4;4,0.5)
4 2 2 4 0
OWO-06 000
= 1x (%) + 6 X <%> +1x <%> :%.
Now, the conditional probability is given as

P{X = k}{X =even}] = P[{X =k} N {X = even}]

P[{X = even}|
1 1
2 =5 k=0,
0, k=1,
_ 6 _ 6 _
- 216_§’ k=2,
0, k=3,
1 1
2E2§’ ]{?—4,

where we have used the fact that the joint event

{X =k}, k even,

{X:k}ﬁ{X:even}:{ b, k odd.

16. The marginal distribution function of random variable N is given by

0, n<0,
L 0<n<5b
Fy(n) = B +oo,n) =< 107 7= ’
w(n) = Fivn ) n 5<n<l10,
1, n>10.
The pmf is given by
0, n<0,

Pyx(n) = Fy(n) — Fy(n—1)=<{ L 0<n<10,
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The conditional probability density function:

PW <w,N=n| = Fyn(w,n)—Fyn(w,n—1)
0, n<0
1—ewh)l 1<p<5
— ) R
(1—e Vg, 5<n<10
0, n > 10

Note that Fyy(w|N =n) = P[W < w|N = n] is not defined for n < 0 or n > 10, because for
these n, P[N = n| = 0. Therefore,

PW <w,N = n)]
Py(n)
— e w/p <n<
— uw) (1—e 0), 1 n_5.
(1—ew/m), 5<n<10

Fy(w|N=n) =

Hence,

fv(w|N =n) = u(w) {“_0

17. Let the number of bulbs produced by A and B be n 4 and np respectively. We have n4+ng=n,
and n is the total number of the bulbs. So P[A] = 24 = 1 and P[B] = 22 = 3. Since we

n

have
Fx(z]A) = (1 — e %®)u(z), Fx(z|B) = (1 —e %5)u(z),
then
Fx(z) = Fx(z|A)P(A)+ Fx(x|B)P(B)
1 —0.2z 3 —0.5z
= Z(l — e 02y (z) + 1(1 — e 0%y (x).

% 1 —02x2y , 3 —0.5%2

F(Q)_Z(l_ )—i—z(l—e ) = 0.56,

F(5) = i(l — e 0P9%) ¢ 2(1 — e 09%%) = 0.85,

F(7) = i(1 —e 0T 4 2(1 — e 0Ty = 0.92.

Then P[burns at least 2 months] = 1 — F'(2) = 0.44, P[burns at least 5 months| = 1 — F(5) =
0.15 and P[burns at least 7 months] =1 — F(7) = 0.08.

18. Given the event A = {b < X < a}, for b < a, we calculate Fx(z|A).

i) © <b: Fx(z|A) =0, since the joint event {X <b} N A = ¢.

ii) © > a: Fx(z|A) = 1, since the joint event {X < a} N A = A, so the conditional
probability of {X < a}, given A, is one.
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iii) b < 2 < a : Here we must calculate the actual intersection of the two sets {X < a} and
A={b< X <a}. Since b<z<a,weget {X <a}nNA={X<z}n{b< X <a}=
{b < X < x}. We can then calculate the conditional probability
PH{X <z} nA]
Fx(z]A) =
w(2l4) =
_ Pl{b< X <x}]
- PlA]

_ Fx(z) — Fx(b) Cb<z<a
— FX(a)—FX(b)’ for b <z <a.

19. In order to get P[Y = k|, we can consider P[Y = k|X = z] first and then do the integral over

” PlY = k| X = z|fx(x)dx

all x.
Pw:m:/
—0o0
1 (7 zke ™ I
—3/0 X dmz%owe dx
for k= 0: .
0l — _+ -5
P[Y—O]—g(l 01¢ )
for k= 1: .
1 1 5 5 _5
P[Yfl]fg)(l oic ¢ )
for k = 2: . )
P | 1 5 5 _5 5% _5
for general k:
1, 5% o 58
——.6 . Ee s k>0

20. (a) The pmf of X is binomial with n =8 and p = ¢ = 0.5, i.e.
Px(k) £ P[X = k] = b(k; 8,0.5).
This is because the 8 votes are independent, each with p = 0.5 chance of being favorable.

They are thus Bernoulli trials, which leads to the binomial distribution in the binary
case. We note that since p = 0.5, the distribution will be symmetric about X = k = 4.

(b) We must find the conditional PDF Fx(z|A) for the range —1 < 2 < 10. Now
{X <z]} n{X > 4}]
P[X > 4]

PIX < a]4] = L

A

Fx(z|A)
P4 < X <z

T T PX >4
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Since X is binomially distributed, we have
8 8

0
3( i

where the second to last line is by symmetry of this binomial distribution about k& = 4.
Turning to the numerator, we have

PX >

© N =

[\
ot
OJ

0, r<H

Pux <= (s B -n), 255

Then
0, Tz <>

P = { gt e, 225

where || denotes the least integer function
|z| £ = rounded down to next integer.

Calculating, we determine

56
93> k:57
i 8\ %, k=06,
93\k) | & k=T,

i
93> k:87

and thus

) k:5’
Fy(z|A) =4 8§ ’
937 k:7,
1, k=8.

Now for x < 5, Fx(x|A) =0, and for = > 8, Fx(z|A) = 1, so we have the plot of Figure
1.

(c) From the calculations done above and from the definition

dFx (x| A)
dx

8
1 &L /8
- =Y (k> 5z
k=5
56 28

fx(z[A) =

25 —6)+ %5(3;—7) %5(3:—8),
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Figure 7:
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B () (d)
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— ) 23y & 7 e {0
Figure 8:

with plot of Figure 2. Note we write the areas of the impulses in parentheses.

In this figure, a = 56/93, b = 28/93, ¢ = 8/93, and d = 1/93.

(d) Using Bayes’ rule, we have

P4 < Xgﬂﬂ:Pi&iza
_ PIX =5
 P[X >4

21. The random variables X and Y have joint probability density function (pdf)

3.2
— Z‘r<1_y)7 0<z<20<yc<l,
fX,Y(xay) - { 0’ else.
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(a) To find P[X < 0.5], we start with
0.5 p4oo
PX < 05]= / fxy (@, y)dzdy
0.5 _3 B
= / / 2% (1 — y)dzdy
0 4
3

() (o)
3

1

3 (x5 92 1

- 3(5%°) (0D
31 1 1

= il 39 &

(b) By definition
Fy(0.5) = PY <0.5]

+o00 0.5
= / fxy(z,y)dzdy
2 0.5 3 9
= / / —z°(1 — y)dzdy
o Jo 4
3

- 3(%8) (v-Lw)

(¢) To find P[X < 0.5]Y < 0.5], we note that X and Y are independent random variables,
so the answer is the same as in part a), namely P[X < 0.5]Y < 0.5] = P[X < 0.5] = 6—14.
However, we can also calculate directly,

P[X <0.5,Y <0.5]
P[Y <0.5]

_ LAO5ZTEZx2u<-ydey/<Z>
G0

(d) Here, we can note again that X and Y are independent random variables for the given
joint pdf, and thus

P[X < 05V <0.5] =

PlY < 05X <05]=P[Y <0.5]

from part b).

e~ w

22. To check for independence, we need to look at the marginal pdfs of X and Y. How do we
find the pdf’s? We can use the property that the pdf must integrate to 1. Say fx(z) =

Aefé(%)Zu(x), and [;° fx(z)dz = 1, we find A = ﬁ Similarly, fy(y) = B(f%(%yu(y),
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23.

and [° fy(y)dy = 1, so B = \/2%

product is indeed equal to joint pdf; i.e., fx(z)fy(y)

Multiplying the two marginal pdfs, we see that the

= fxy(z,y). Therefore, X and Y are

independent random variables; their joint probability factors and hence P[0 < X < 3,0 <

3 g

2
e_%(%)2dy = 2erf(1).

X <3P0<Y <2

Y <2]=P[0< X <3]P[0<Y <2]. Thus
32
P0<X <3 = /
| <3 3&Qw
B 3\/2w
2 9 1
Po<Y <2 = el
[ - ] /2 24/ 21
2
X
221 Jo
So
P0<X<30<Y <2 =P0<
= 2erf(1) x 2erf(1) = 4erf(1)% = 0.466.
(a) Since
“+o00
1 = fX( )da

Thus A =1 and fx is plotted as

=1

+1
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(b) Fx(z) =0 for x < —1. Then for —1 < & <0, we calculate

Fy(z) = /xu o)

-1

+v2
= v —_—
2 /)1,

- et (5

T

2 2
A
= T4+ —=+=.
2 2

We note that Fy(z) = 2. Then for 0 < z < 1, we calculate

+ /Ox(l — v)dv

1
FX($)25
_1+ w2\ ¥
- 27\
1

0
2

n x
= r——.
2 2
Note that F'x(z) =1 for z > 1 since fjll fx(x)dx = 1. Putting all the results together,
we get
0, r < —1,
1 x?
strz+%5, —1<z<0,
Fx(z)=1q 2 2
1, z > 1.
The sketch of Fx is shown below.
(%
X ()
4
e
/ )
? ] ?
-1 +1

(c) PIX >b] =1— Fx(b) = $Fx(b), which gives Fx(b) = 2, therefore b € (0,1). In this
interval Fx(b) = % +b— %, so we have the quadratic equation

302 —6b+1=0,
which is solved by roots b2 =1+ \/g The root in (0,1) is then b =1 — \/g ~ 0.185.

24. The general expression is given as:

1
fxy(w,y) = m exp <m(

2?4 % — 2pxy)> .
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If p=0and o =1, then this becomes

_ 1 -1 5 2
fxy(zy) = oo exp( 5 (@ +y ))
1 1,21 1,2
e e 2 e 2
V2 V2
= [x(@)fy(y).
The desired joint probability can be calculated as
1 1 1 1 1 1 1
- < = <l = - <z - <
P 2<X_2, 2<Y_2} P[2<X_2]P[2<Y_2
1 1
= 2erf <§> 2erf (§>
1\12
= |2erf| =
2o (3)
~ (.144.
25. We use Bayes’ formula for pdf’s:
Py (2ly) = fY\X(y|x)fX(33)
| fr(y)
We have
1
fx(x) = Erect(%).
Then

= [ " fxy (@ y)de = / i (vl fx (2)de

B 1 1 (y—x)2 d
- _15 — exp Ry T.

Let £ = =4, then d§ = %”3 and we obtain

fr(y) = %/: \/1276—552615 _ % [erf(l - vy _ erf(_la_ y)]
But erf(z) = —er f(—z), hence

Then finally

1 eXp[_gy;;;E]rect(g)
fxpy(zly) = frixWle) fx(z) 7B - :

fr () o erf(H) —erf(EL)
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26. We start off with the general relation for conditional probability densities

Jyix (ylz) fx ()
fr ()
\/1_26 (v=2°/20* (15(q — 1) + L 5(33+1)).

2o
fr ()

Ixy(zly)

Next, we find the denominator as

“+o0o

fr(y) = / fr.x(y,x)dw

—00

+o00
- / Frix (yl2) fx (2)da

—00

_ /+°° L w22 (L5 1y 4 L5 1)) a
=/ We 50(@ 50 x,

and so, combining this result with the one above, we have

fxpy(zly) = i (2(2@) L
e 0 (e — 1)+ 4o + 1)
T e /20 (35(a — 1) + 36(x + 1)) da
B \/2;?6*( x)?/20* (25(x—1) 1(5(96—1—1))
\/Qi? (%e—(y—l) [20% 4 %e—(y+1)2/202)

I —(y—x)? /202 (25(96—1) 1(5(334—1)) o]
= T Lo w PR Lo weippe 0 OF cdulvalently
e_(y_$)2/20-2

07727 1 g~/ (O

[\

x—1)+d(x+1)).

Note, we could have eliminated a few steps in our solution by starting from the Total Prob-
ability Theorem for density functions, from which we can write directly

fY\X(y|x)fX( )
eroo fY|X(?J’33)fX( z)dx

fxy(zly) =

If the question had asked instead for the conditional probability mass function (PMF) Pxy,
the answer would have been

o—(y—1)2/202 o
PX‘y(x]y) —{ w022t w222 T T +1, ,
0, else

as can be easily obtained by integrating the conditional density found above.



20

27.
Let T be the prof's arrival time.
'G_]o_ ‘F‘r‘d-) We let 8:00 am be the origin.

a—

f,:-"L'-‘F /6o oSt <Ko
: 1 t>60
éo
P[A] = P[T >30]=1- Fr(30)
P[B] = P[T <31] = Fp(31)
P[AB] = P[30<T <3l1]= Fr(31)— Fr(30)
_ P[AB]  Fr(31) - Fp(30)
PIBAI =207 = - Fm)
31-30 1
60—30 :
= 30
_ P[AB] Fr(31) — Fr(30)
FlAIB] = PB] Fr(31)
31-30 1
31
5 31
28. (a)
+o0o
1 = / fx(z)dzx

thus we must have ¢ = 2.
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(b) For > 0,a > 0, we can write

(e.o]

PX>z+4a] = 2 e 2 dy
—211
- ( )
—2(x+a
= 20—

= 2@t with 2 > 0,a > 0.

PX>z+a,X >d

P[X > a ’
but note that for = > 0, the event {X > z + a} is a subset of the event {X > a}, so
{X >z+a}n{X >a} ={X >z+a}, and hence P[X > z+a,X > a] = P[X > z+a],
thus we have, for > 0,

PX>z+alX >a] =

PX>z+a,X > d
P[X > d]
P[X >z +d
P[X > d
e—2(z+a)

PX>z+alX >a] =

6—2(1

= ¢ 2 independent of a !

Since this conditional probability is (functionally) independent of the variable a, the
memory of a had been lost.

29. We need to solve for y in
1—e7Y>0.95.

But this implies that

y > —In(0.005)
= 2.996.

Thus, y = 3 should do.

30. This is a rather classic problem in detection theory.

P[A|M] = P[X >0.5|M]
- —5(z—1)?
= e 2 dx
V2 /0.5
= L/Oo e_%yzdy with y £ 2 — 1
,_27'( o5 ) )

1
= 5 +erf(0.5) = 0.69.
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Then

PIAIMY] = P[X > 0.5/M°]

. /00 e 37°d
— T
V2m Jos

1
= 3~ erf(0.5) = 0.31,

PlA°|M¢] = P[X < 0.5|M]

1 0.5 1.2
= — e 2 dx
V s /—oo
1
= 5 +orf(0.5) = 0.69,

and
PlA°|M] = P[X < 0.5|M]
1 0.5 —l(x—l)Qd
e _— e 2 X
V2T o
1 —05 7;y2d . ith o 2 1
= — e 2% dy, again withy =x — 1,
V2T )

1
= 3~ erf(0.5) = 0.31.

31. From Bayes’ Theorem

32.

PM|A] = %,L]P[M] =95 60p00] +P0[.J\341](1 — P[M])’
Al = S = 0t P
P[M|A]] = w R EIVZ ] +P0[.]\£(1 —ppny M

PIM®|AT = P[AC%QCJ]D[MC] = 0095 5TPm f([)].\g](l — P[M])’

As a partial check, we note that P[M|A]+ P[M¢|A] = 1 as it must, and likewise for P[M|A]+
P[M¢|A¢]. Then, for P[M] = 1073, we get P[M|A] ~ 2 x 1073, P[M¢|A] ~ 0.998, P[M|A°] ~
0.45 x 1073, and P[M¢|A°] ~ 0.9996. But, for P[M] = 1076, we get P[M|A] ~ 2.2 x
1076, P[M¢|A] ~ 0.999998, P[M|A] ~ 0.45x 10736 and P[M¢|A°] ~ 0.999998. Thus, because
of the uncertainty in the prior probability P[M], these calcuated probability numbers have
little value for decision making.



23

N@) 1

1
1
|
1
1

|
|
A
orl

1= -0

4— mereasing t
ey
08 @9"}*&
we
07
6} o
0.6 o <
o =0
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L0 _%’ function[alpha,beta)=reoc({r)
04F o te=zeros(1,100);
-g alpha=zeros{1,100);
[ oo beta=zeros (1,100} ;
03t t(1)=-6;
for n=2:100
@ t{n)=t ({1}+(1.5%n/100) * (£+6) ;
02t alpha(n)=quad('bell',t(n),10);
beta(n)=quad('bell',t(n)-r,10);
end
plot{alpha(2:100),beta(2:100))
01r axis([0 1 0 1])
Kt:f-.a axis('image')

01 02 03 04 05 06 07 08 08 1

oL, ?T‘o‘bn\b\\\*y °of o {ZQLQ alaym,

A clearer version of the function is given below:

function [alpha,beta] = roc(r)

%function for evaluations in Problem 2.32
t=zeros (1,100); alpha=zeros(1,100); beta=zeros(1,100);
t(1)=-6;

for n=2:100
t(n)=t(1)+(1.5*n/100)*(r+6);
alpha(n)=quad(’bell’,t(n),10);
beta(n)=quad(’bell’,t(n)-r,10);

end

plot(alpha(2:100),beta(2:100))

axis([0 1 0 1])

axis ('image’)

end

However, note that this function will only work with definition of the function ’bell’, not given
here. See documentation on MATLAB function 'quad’.

33. From the data, A = 9 x 10 ph/sec. For the counting interval (CI) At = 1079 sec. then,
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AAt =9. So
P[{false alarm in CI}| = P[{ 0 photons in CI}] + P[{ 1 photon in CI}]
B C) A ) S
- oot e
= 10e™? ~0.0012.
P[{at least one false alarm in 10° tries}] = 1— P[{ 0 false alarms in 10° tries}]

6
~ 1- <18 )(0.0012)0(1 —0.0012)1°°

= 1-(0.9988)'"
~ 0.
34. (a) @ = {G,R,Y}, where G=green, R=red, and Y=yellow. The o-field of events are:

{G},{R},{Y'},{G, R}(i.e. light is green or red) ,{G,Y }(i.e.light is green or yellow),
{R,Y }(light is red or yellow) , ¢(null event), and €2, the certain event.

(b) X(G)=-1,X(R)=0,X(Y) =, and P[G] = P[Y] = 0.5P[R]. Hence
P[R] +0.5P[R] + 0.5P[R] = 1.
So P[R] = 1 and P[G] = P[Y] =

W=

SR
il

35.

Thmax = 8 x5 =40 minutes,

Tmin = 8% 0 =0 minutes.



25

Note that if each station sends a message that is infinitesimally short, you get Tini, = 0.
Let T denote the waiting time and let p = P[{a station is busy}]. Then

ET] = [25p+(1—-p)1]8

8 minutes for p = 0,

14 minutes for p = 0.5,

= 20 minutes for p = 1.

(b) Here is a MATLAB function that simulates the waiting time:

function [w]=token (p, NT, NS)

% function to simulate the token system in Problem 2.35

% p=probability a station is occupies, NT is number of trials,
% and NS is number of stations.

w=zeros (1, NT);

for n=1:NT
st=zeros(1,9);
for m=2:9
z=rand<=p;
if z>0
st(m)=>b5*rand;
else

st (m)=1;

end

w(n)=sum (st);

end

end

stem (1: NT, w)

title(’50 Monte Carlo simulations of Token System’)
xlabel("trial number’)

ylabel("waiting time in minutes’)

Here is a sample output, corresponding to ’probability of station occupied’ p = 0.4,
'number of trials’ NT = 50, and 'number of stations’ N.S = 9.
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50 Monte Carlo simulations of Taken System

25

0 A

Py 9o P

weaiting tirme in minutes

0 g 10 15 20 25 30 35 40 45 50
trial nurmber

36.
1 1

PX?4+Y%2< ] = // 2—6_5(“’ Y )dazdy, transform to polar coordinates
(z,y) x24y2<c? 4T

2m
= / / e 3" "rdrdd,  with r = /22 + y?2 and dxdy = rdrd0,

1
= /e 57 rdr, let ué§r2, then du = rdr,
0

c2/2
= / e "“du
0

= 1—e /2 =0.95.
Thus we need

c? 1
E = lnm—lnﬂ)_&

c ~ V6 =245.

37. (a) Since the area of this square with side v/2 is 2 constant joint density fx y must take on
value 2 5 to be properly normalized, thus A =

(b) We can see four regions for the y values in evaluating

+oo

Ix(z) = / Ixy(z,y)dy.

—00

These regions are ¢ < —1, -1 < x < 0,0 <z < l,and x > 1. Now, the first and last of
these regions gives the trivial result fx(z) =0. For 0 <z < 1, we get

1—x
1 1
fX(w)Z/ —dy=-(1-z—z+1)=1-2z.
o—1 2 2
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Similarly for —1 < z < 0, we get
14z 1 1
fX(iL‘)Z/ —dy==(14+z+z+1)=1+uz.
z—1 2 2

Combining these regions we finally get

1- ’:B‘, ’.’L” < 17

fx(z) = { 0, else.

(c¢) If X is close to 1, then we see that Y must be close to 0. This suggests dependence
between X and Y. To be sure we can use the result of part b together with the symmetry
of the joint density to check whether fxy = fxfy or not. By symmetry of fxy it

must also be that
=yl <1,
Friy) = { 0, else.

Now the product of these two triangles (1 —|z|) (1 — |y|) # 3 on supp(fx,y), so the
random variables are definitely dependent. (The support of a function f(zx) is the set of
domain values {z|f(z) # 0} and is written as supp{f}.)

(d) We start with the definition and then plug in our result from part b:

fxy(@,y)
frix(yle) = ————
(i) fx ()
o 0< ol +yl <1,
= 0, otherwise in {|z| < 1},
X, |z| > 1.

Note that the conditional density is not defined for {|z| > 1}.

38. The pdf of the failure time random variable X is
t
fx®) = alt)exp (- / a(t’)dt’)
0
= pexp(—pt) in this case.
Assume p is measured in (hours)™!. If A = {failure in 100 hrs or less}, then
PlA] = P[X <100]

100
pe Hdt

0
— ] _ H100

< 0.057
Thus we need e #190 > 0.95, or taking logs and solving,

w<5.13x 1074
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39. In general, for any «(t), the pdf of the failure time random variable X is

Fx(t) = a(t) exp (— / t oz(t’)dt’) |

(i) for t <0, «(t) =0, and so fx(t) =0,

(ii) for 0 <t <10, «(t) =3, and so

27
Fx(t) = ze 2,

(iii) for ¢ > 10, ,a(t) =t — c for some constant c. Now at t = 10, = 3, thus
and so ¢ = 9.5. Then, for ¢t > 10,

fx(t) = (t—9.5)exp (— {/Oloédtur/l —9.5) dt}

1,
= (t—9.5)exp<—{5+(2 — 9.5t) — (50 — 95)

- (_{§_9.5t+50}).

We can put all this together in the one equation

H/_/\/

})

0, t <0,
L 0<t<10
—95t+50}> ¢ > 10.

N|=

Ix(t) =

l\J =

o
(t —9.5) exp (— {
40. (a) Let Az > 0 and Ay > 0, then

Pz < X<z+4+Az,y<Y <y+ Ay]
= Fxy(x+ Az,y+ Ay) — Fxy(z + Az, y)
—Fxy(z,y + Ay) + Fxy(z,y)
_ <FXy(a:+Aac,y+Ay)—FXy(a:,y—i-Ay)) Az

Ax
_ Fxy(x+ Az,y) — Fxy(z,y) A
Ax
ox ox

0?Fxy (z,9)
~ T AZA
0x0y ey

~  fxy(z,y)AzAy.

x

1

(b) By definition of the density fxy as the mixed partial derivative of the distribution
function Fxy, the integral of the density over all space must be Fxy (0o, 00), since
Fxy(—00,00) = Fxy (00, —0) = Fxy(—00, —0) are all zero. But, again by definition,

FXy(oo,oo) = P[X < OO,Y < OO]
= 1.



(¢) From part (a), it follows that

fXY(*xa Z/)AxAy > 07

since it is a probability. Then since we took Az > 0 and Ay > 0, it follows that

fxy(z,y) >0 too.
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